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We study the generalized Unruh effect for accelerated reference frames that include rotation in addition 



Ch ' to acceleration. We focus particularly on the case where the motion is planar, with presence of a static limit 

in addition to the event horizon. Possible definitions of an accelerated vacuum state are examined and the 
interpretation of the Minkowski vacuum state as a thermodynamic state is discussed. Such a thermodynamic 
state is shown to depend on two parameters, the acceleration temperature and a drift velocity, which are 
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Q ' determined by the acceleration and angular velocity of the accelerated frame. We relate the properties of 

\o ■ 

(^ ■ Minkowski vacuum in the accelerated frame to the excitation spectrum of a detector that is stationary in 

O , this frame. The detector can be excited both by absorbing positive energy quanta in the "hot" vacuum state 



and by emitting negative energy quanta into the "ergosphere" between the horizon and the static limit. The 
effects are related to similar effects in the gravitational field of a rotating black hole. 



INTRODUCTION 

A radiation detector that is uniformly accelerated through vacuum will be excited as if vacuum 
were hot, with a temperature proportional to the acceleration [1]. The effect is small, but from a 
theoretical point of view it is important and relates to interesting questions concerning the defini- 
tion of vacuum states and particle excitations in curved spacetime [2], [3]. Indeed, the effect is 
closely related to the Hawking effect [4], [5] and is equivalent to the temperature effect measured 
by a stationary detector close to the event horizon of a black hole, in the limit where the mass of 
the black hole tends to infinity [1]. 

Uniform linear acceleration corresponds to motion along a hyperbolic spacetime curve. A 
detector moving along this curve will experience a time-independent situation and hence settle in 
a stationary state. However, there exist also other time-like curves with the same property, where 
the spectrum of vacuum fluctuations is independent of the detector's proper time parameter and 
where the detector therefore will settle into a stationary state with a non-trivial distribution over 
excited states [6], [7]. In general these curves involve rotation in addition to acceleration. 

In the case of motion along stationary curves other than those with uniform linear acceleration, 
the excitation spectrum of the detector will not have a truly thermal form [7]. However, even 
with rotation involved, for a two-level system an effective temperature may be defined which 
depends only weakly on the energy splitting and on detector-dependent variables. The question of 
a "circular Unruh effect" has been discussed in particular with relation to polarization effects of 
electrons in storage rings [8], [9], [10], [11]. Also for electrons circulating in a cavity the circular 
Unruh effect has been considered [12], [13], [14]. 

The excitation spectrum of a detector coupled to a scalar field was examined several years 
ago by Letaw [7] for all types of stationary curves, and the possibility of defining more general 
"accelerated vacua" and particle states for observers travelling along all possible stationary curves 
was subsequently discussed in an interesting paper by Letaw and Pfautsch [6]. Their conclusion 
was that only two distinct inequivalent vacuum states can be defined in flat spacetime, termed the 
Minkowski vacuum and the Fulling vacuum, where the former seems to contain a thermal spectrum 
of particles relative to the latter. They point out however, that this definition does not seem to agree 
with the excitation spectra of stationary particle detectors whenever rotation is involved, since a 
particle detector on a trajectory involving rotation will become excited even when the vacuum 
state associated with that trajectory is the Minkowski vacuum, and in general it will not exhibit a 



purely thermal excitation spectrum for trajectories corresponding to the Fulling vacuum state. 

In this paper we follow up and extend the discussion of Letaw and Pfautsch on the general- 
ization of the Unruh effect to general stationary timelike curves. We first focus on the definition 
of the Hamiltonian for a quantum system in the accelerated frame defined by a general stationary 
space-time curve. As a specific case we consider a free Klein Gordon field. Next we reconsider 
the case of linear acceleration where we focus on the Boguliubov transformation which relates 
the Minkowski vacuum state to the Fulling vacuum. The central section of the paper contains a 
discussion of the causal structure of space-time as viewed in an accelerated frame with rotation, 
and further, the implication of this for the definition of vacuum states and the interpretation of the 
Minkowski vacuum as a thermodynamic state. 

In general the Hamiltonian, defined as the time evolution operator in the accelerated frame, 
is not bounded from below and the standard definition of the vacuum as the ground state of the 
Hamiltonian is therefore not applicable. In a more general definition, the vacuum is an eigenstate 
of the Hamiltonian, which may allow radiation quanta with both positive and negative energy. The 
Minkowski vacuum state is, in this sense, a vacuum state for all the stationary accelerated frames, 
and the excitation of an accelerated detector, in the same formulation, is due to the emission of 
negative energy quanta. However, for accelerated frames which possess an event horizon, alterna- 
tive definitions are possible, due to a symmetry in the energy spectrum related to PCT invariance 
[15-17] . A specific case is given by the Fulling vacuum state which is based on a separation of the 
field modes associated with the two sides of the horizon. For linear acceleration this separation 
will also push the negative energy excitations behind the event horizon and the Fulling vacuum 
becomes the true ground state of the system restricted to one side of the horizon. For other types 
of motion this is not the case. The field modes associated with the causally disconnected region 
behind the horizon can be separated from the field modes of the "physical" region, but the pres- 
ence of excitations with negative energy is no longer avoided. This affects the excitation spectrum 
of an accelerated detector, which can gain energy by emitting negative energy quanta as well as 
absorbing positive energy quanta. 

The discussion of vacuum states and excitations in the accelerated frames is supplemented 
by a calculation of the effective temperature, for various degrees of rotation. It is stressed that 
whereas the definition of non-trivial vacuum states and interpretation of the Minkowski vacuum as 
a thermodynamic state depends on the asymptotic properties of the stationary space-time curves 
(through the existence of an event horizon), this is not so for the excitation rates of a detector, 



which are determined only by a limited part of the space-time curve. This explains why the 
excitation spectrum changes smoothly with rotation even when the angular velocity exceeds the 
proper acceleration and the event horizon disappears. 

Although most of the discussion in the paper is focused on the case of planar motion, we include 
a brief section where we examine the general case where the space-time curve cannot be restricted 
to two space dimensions. In this case there is always an event horizon, and most of the general 
discussions of planar curves with horizons also apply to these cases. 

The discussion of detector response for space-time curves with rotation can be related to local 
effects in the gravitational field of a rotating black hole. In the same way as the linearly accelerated 
frame can be viewed as a stationary frame close to the horizon of a non-rotating black hole in the 
limit where the black hole mass tends to infinity, the accelerated frames with rotation can be 
viewed as limiting cases of stationary frames close to a rotating black hole with large mass. In the 
Appendix we demonstrate this by showing how the flat space metric of the accelerated frame is 
recovered from the Kerr metric in the limit where the mass tends to infinity. 

We shall in this paper use natural units, with h = c= I. 

REFERENCE FRAMES AND HAMILTONIANS 

A time-like space-time curve C defines a natural "accelerated coordinate system" in the fol- 
lowing way. At an arbitrary point on the curve an orthonormal reference frame is defined with 
one of the unit vectors pointing along the trajectory. This vector defines the local time axis. The 
local frame is transported to any other point on the curve by a "Fermi-Walker transport", and each 
of these frames can further be extended in the space-like direction to form a full rest frame at the 
given (proper) time. Clearly such a coordinate system may have (coordinate) singularities, but 
for a well behaved space time curve there will always be a finite region around the curve without 
singularities. 

Let us consider a given space-time curve with its associated accelerated (curvilinear) coordinate 
system. A quantum system, and particularly a quantum field, which in the standard Minkowski 
space formulation is described by a Hamiltonian H, will in the accelerated reference frame be 
described, in a natural way, by a time evolution operator of the form 

Ho = H-a-K-uj-J (1) 



where K is the boost operator and J is the generator of rotation in the Minkowski space descrip- 
tion of the system. This form for the time evolution operator follows when the quantum state 
at a given proper time of the accelerated frame is identified with the quantum state of the corre- 
sponding inertial rest frame [8, 17]. The Hamiltonian generates transformations between inertial 
rest frames at different times and this transformation will, due to the acceleration, involve Lorentz 
transformations in addition to time translation. By use of the freedom of choice for the definition 
of three space directions {x, y, z) the Hamiltonian can further be brought into the form 

Ho = H — aK^ — UzJz — ^xJx (2) 

which is the general form we shall apply for the time evolution operator in the accelerated frame. 
As a specific example, we shall consider the case of a real Klein-Gordon field 0. The operators 
then are given by 
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Ho = I d^x]^{Ti^ + (V0)2 + mV 



J = d X X X ttVc 



K = - I £x-x (tt^ + (V0)2 + mV') (3) 

with TT as the conjugate field momentum and m as the mass of the Klein-Gordon particles. 

The three parameters a, uJz and uj^ characterize the motion of a reference particle following 
the space-time curve C . Thus, a is the proper acceleration, while c<j^ and uj^ specifies the angular 
velocity of the coordinate frame of the trajectory, as viewed from the non- accelerated Minkowski 
frame. In geometrical terms the three parameters describe the curvature and torsion of the space- 
time curve, as discussed by Letaw and Pfautsch. In the following we will assume C to be a station- 
ary curve, and that means that all three parameters are independent of the time coordinate along 
C . Due to Lorentz invariance the accelerated Hamiltonian is then a time-independent operator. 

The different types of stationary curves C can be characterized by the parameters a, uJz and ujx, 
and following Letaw we distinguish between the following types of curves which correspond to 
qualitatively different types of motion (for simplicity we assume all parameters to be positive), 

1. a = Uz = uJx = ^ 

This corresponds to non- accelerated motion, i.e., a linear space-time curve, and will not be 
discussed further. 



2. Uz = ujx = 0,a j^ 

This describes a curve with linear uniform acceleration, i.e., a hyperbolic space-time curve, 
here restricted to the (t, x) plane. 

3. Uz = 0,Ux > a j^ 

This is a curve in the three-dimensional (t, x, y) hyperplane and can be viewed as circular 
motion in a properly chosen coordinate frame. 

4. ujz = Q^oJx = a ^ ^ 

This is also a curve in the three-dimensional (t, x, y) hyperplane, and can be viewed as the 
limiting case of circular motion where the speed tends to the speed of light. This case is a 
limiting case between ujx> a and cj^^ < a. As we will show, the transition between the two 
regimes is smooth, so we will not treat the limiting case separately. 

5. uJz = Q,oJx < a ^ ^ 

This is a curve in the three-dimensional (t, x, y) hyperplane which cannot be viewed as 
circular motion. In a properly chosen coordinate frame the (x, y) projection of the curve is 
a hyperbolic cosine. 

6. iUz ,^x^^,a^^ 

This is a curve that is not restricted to a hyperplane in Minkowski space. In a properly chosen 
coordinate frame it can be viewed as circular motion in the (y, 2;)-plane superimposed on a 
linear acceleration in the x-direction. 

In the above we have focused on the properties of the reference curve C. This curve we may 
associate with the orbit of an accelerated physical system or an accelerated "observer". More 
specifically we may view it as the trajectory of a particle detector that probes the (Minkowski) 
vacuum state in the accelerated frame. Although the reference trajectory has no extension in the 
space-like directions the accelerated detector does not need to be pointlike, but only small in order 
to avoid complications due to the singularities of the accelerated coordinate system. 

One should note that any curve defined by fixed space coordinates in the accelerated coordinate 
system is a stationary curve, not only the reference curve C . However, only for C does the coor- 
dinate time coincide with the proper time of the space-time curve, while for other curves there is 
a constant scale factor relating the proper time to the coordinate time. For other stationary curves 



than C, one should also note that the time coordinate axis is no longer orthogonal to the space 
axes, as a consequence of the rotation. In fact for a reference curve with rotation the stationary 
curves at sufficiently large distance from C may change from time-like to space-like due to the 
rotation. 

The collection of all the stationary curves of the accelerated coordinate system can be viewed 
as defining a vector field, a Killing vector field associated with a one-parameter symmetry of the 
metric. The Hamiltonian (2), although primarily defined as the time evolution operator of the 
quantum system, can also be interpreted as the generator of this one-parameter set of space-time 
transformations. Thus an explicit expression for the vector field is given by the correspondences 

■ ^ ^ d d 

iKi < — > x^Ct + tCj = x*-— + t-— - 

dt dx' 

■ d 
iJi < — > eijkX^ek = eijkX^— (4) 

These expressions are useful for the further discussion of the causal structure of space-time as 
seen in the accelerated frames. In the following sections we shall also examine the definitions of 
vacuum states and particle excitations in these frames. We will in particular focus on the types of 
motion where an event horizon exists. These are the cases 2), 5) and 6) in the list. 

LINEAR ACCELERATION AND THE UNRUH EFFECT 
Rindler coordinates 

We will first consider the case of uniform acceleration a with no rotation, cux = cu^ = 0. 
Although this is a well-studied case, it gives the necessary background for the discussion of the 
other types of motion where rotation is involved. 

We choose in this case, as in all other cases, the Cartesian coordinate frame (x^; x^,x'^, x^) = 
(t; X, y, z) of Minkowski space to coincide with the instantaneous (inertial) rest frame of the ob- 
server at proper time r = 0. The acceleration a points along the x-axis. In this case the vector 
field corresponding to the stationary curves of the accelerated coordinate system {i.e., the integral 
curves of the Killing vector field) is given by the correspondence 

—iHo — ^ eV = {1 + ax) et + atCx (5) 



We note that by a shift of origin of the a;-coordinate, x' = a: + 1/a, which gives 

eV = a {x'et + te^i) (6) 

a simplification of the Hamiltonian is obtained, 

Ho = -aK,, (7) 

with H absorbed into the boost generator. 

The accelerated coordinate system, which coincides with the Cartesian coordinate system at 
t = 0, is given by the hyperbolic cylindrical coordinates (r, ^, y, z) with r and ^ defined by: 

t = S, sinh ar , x = C, cosh ar (8) 

These coordinates are often referred to as the Rindler coordinates [19]. The reference curve C 
corresponds to ,^ = 1/a, and has proper time equal to the coordinate time r. For the case of linear 
acceleration, as for all other cases to be discussed, the accelerated coordinate system is defined 
so that the hyperplanes characterized by a constant coordinate time r correspond to planes of 
simultaneity for an observer accelerated along C. 

As is well known, the accelerated Rindler coordinate system associated with uniform linear 
acceleration covers only a part of the full Minkowski space. As shown in Fig.l the part that is 
covered includes the "right Rindler wedge" R, where r increases in the positive time direction, 
and the "left Rindler wedge" L, where r runs backwards in time. The presence of "backward 
running" stationary curves in the Rindler coordinate system is related to the presence of negative 
energy excitations in the accelerated reference frame. 

Viewed from an observer accelerated along the curve C (or any other curve with constant Q 
in R, the region L is causally disconnected, since no light signal emitted from C can reach L and 
no light signal from L can reach C . The limiting point (hypersurface) .^ = between R and L 
defines an event horizon viewed from C. The regions D and U, which are excluded from the 
Rindler coordinate system are not causally disconnected, but viewed from C the region D lies in 
the infinite past and U in the infinite future. Thus, D may be viewed as being separated from R by 
a past horizon and U by a future horizon. This causal structure of the Rindler coordinate system 
is the underlying reason that a quantum field theory restricted to the right Rindler wedge can be 
defined. 

The boost operator, viewed as the Hamiltonian (7) of the accelerated frame, is different from 
the original Hamiltonian in one important aspect: It has a spectrum that is not bounded from 
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FIG. 1: The Rindler coordinate system. Dotted lines are integral lines of e^ and solid lines are integral 
curves of eV. The thick solid line is the stationary reference curve C or the world line of the uniformly 
accelerated "observer". 

below. (That is true not only for the special case of linear acceleration, but for the general case of 
accelerated motion described by the Hamiltonian (1).) The spectrum is in fact symmetric under 
change of sign as follows from the anti-commutation relation with space inversion, 



PK^ = -K^P 



(9) 



As a result a vacuum state defined as the ground state of the Hamiltonian (7) does not exist. 

Even without a well-defined ground state the free field Hamiltonian can be written in the con- 
ventional form 



ffo = E 



ei a\ai 



(10) 



with a\ and Oj as creation and annihilation operators, i.e., which satisfy the standard commutation 
relations 



u^, (Xj 



^ij 5 [(^ij (^j\ 



4, a] 







(11) 



The operators a] can be defined as a linear combination of the usual creation operators associated 
with free particles in Minkowski space (and a^ as the corresponding linear combination of annihi- 
lation operators). This follows from the fact that the (free field) expressions for the generators of 



Lorentz transformations are bilinear in creation and annihilation operators and can be diagonalized 
without mixing these two types of operators. 

With the Hamiltonian written in the form (10) a (generalized) vacuum state can be defined as 
the state annihilated by the operators Oj, 

ai |0) = (12) 

and the full space of states can be generated in the standard way by repeated application of the 
creation operators on the vacuum state. The operators a\ create excitations (particles) with energy 
ej with reference to the accelerated coordinate frame, and since |0) is not the ground state of the 
Hamiltonian, excitations both with positive and negative energy e^ can be created from the vacuum 
state |0). Note that when the operators ai are defined as linear combinations of the standard 
(Minkowski space) annihilation operators, the generalized vacuum of the accelerated frame is 
identical to the ordinary Minkowski vacuum. 

The transformed vacuum 

In the above description of the field theory vacuum no particles are present in the physical 
(Minkowski) space. The Unruh effect in this picture is understood as due to processes where 
the accelerated detector is excited by emitting negative energy particles. However, the symmetry 
of the spectrum of Hq between positive and negative values allows alternative definitions of the 
vacuum state and the particle excitations. A particular choice gives rise to the FuUing-Rindler 
vacuum, where all excitations restricted to the right Rindler wedge R have positive energy. In this 
picture the Minkowski vacuum state contains particles relative to the accelerated vacuum state and 
the Unruh effect is described as due to absorption of such (positive energy) particles. 

To discuss this point we focus on the field operator of the (real) Klein-Gordon field. When 
expressed in terms of the Rindler coordinates, it can be written as 

0(e, y, z, t) = 5^(e--^V.(e, y, z)a, + e-'V;(e, V, z)a\ ) (13) 

i 

with /j(^, y, z) ai and /*(^, y, z) as stationary solutions (with respect to r) of the Klein-Gordon 
equation, 

{^d^id^ + dl + dl + (6,2 - m'))U{U,z) = (14) 
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To simplify the notation we have labelled the solutions fi with a single (discrete) index i, which 
in reality should be replaced by a set of (continuous) momentum-energy variables that specify the 
solution. The solutions can be separated into those with positive norm and those with negative 
norm with respect to the scalar product of the (classical) Klein-Gordon field, which in Rindler 
coordinates has the form 

{f,h)=t [^in^,y,z)dM^,y.z)-drn^,y,z)h{^,y,z))d^dydz (15) 

Consistency between the requirement of standard commutation relations for aj and a'- and canon- 
ical commutation rules for and its conjugate momentum implies that in the expansion (13) the 
functions fi are positive norm solutions and correspondingly /* are negative norm solutions. Note 
that positive norm no longer corresponds to positive frequency, as is the case for Minkowski space 
quantization. 

In the sum included in Eq. (13) the energies e^ take both positive and negative values. Due to 
the symmetry of the the spectrum it can, however, be rewritten as a sum only over positive energies 
in the following way, 

<P{^,y,z,T) = Yl [{e~'''^M^,y,z)a, + e'-''^^g,{^,y,z)k) 

i{ei>0) 

+ (e^^'V;(e, y, z)a\ + e-->-(7*(e, y, z)h\ )] 

i(ei>0) 

+e''^^{rdi^y.z)a\ + g,{i,y,z)h)] (16) 

In this expression we have explicitly separated out the negative energy solutions, which we refer 
to as gi, and introduced the notation hi and h\ for the corresponding annihilation and creation 
operators. 

Since the operators Oj and b\ have the same time-dependent prefactor, a Bogoliubov transfor- 
mation may be performed, 

Oj = hi cosh Xi + ^I sinh Xi 

h\ = hi sinh Xi + i\ cosh Xi (17) 

The transformed operators hi and b\ and their hermitian conjugates satisfy the same commutation 
relations as the original creation and annihilation operators and the field operator expressed in 
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terms of the new ones has the same form as before, 



i(ei>0) 

+e''^^{f:{^,y,z)al + U^,y,z%)] (18) 

with transformed fields 

fi{^,y,z) = fi{^,y,z) cosh Xi + g*{^,y,z)smhxi 

9ii^,y,z) = f*{^,y, z) sinhxi + 9ii^,y,z)coshxi (19) 

A new generalized vacuum state may be defined relative to the transformed operators, 

di\b) = 0, bi\b) = (20) 

and this is different from the Minkowski vacuum due to the mixing of creation and annihilation 
operators. In fact a continuum of different vacuum states can be defined in this way, but like the 
Minkowski vacuum they generally suffer from the defect that both positive and negative energy 
excitations (of the accelerated Hamiltonian) may be created from the state |0). The Minkowski 
vacuum will now contain field quanta relative to the transformed vacuum and for a detector that is 
stationary in the accelerated frame there will therefore be two sources for excitations. The detector 
can either be excited by absorbing positive energy quanta or by emitting negative energy quanta. 

A particular transformation can be chosen where all negative energy field quanta are located 
beyond the event horizon, i.e., in the left Rindler wedge L (^ < 0). This gives rise to the Rindler 
or Fulling vacuum, which is a true vacuum state in the sense that it is the ground state of Hq, 
provided all states are restricted to the right Rindler wedge R. This possibility can be viewed as 
due to the symmetry of the theory under PCT, which gives rise to a relation between the functions 
fi and gi on the two sides of the horizon [15-17]. We will give a simple demonstration of this. 

The PCT transformation 9 acts on the field operator in the following way, 

^0 (e, y, z, r) 9-' = 0t(-e, -y, -z, r) (21) 

Like the parity operator, 9 anticommutes with the boost operator and therefore maps positive 
energy solutions into negative energy solutions, 

9ai 9-^ = bi, 9bi 9'^ = ai (22) 
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Since 9 acts as an antilinear operator this gives the following relation between the functions /« and 

gi, 

g^{i.y.z) = f:{-^,-y,-z) (23) 

We further note that the definition of the Rindler coordinates implies that the strong space-time 
reflection PT can be performed either by an inversion ^ ^ — ^ (together with y — > — y, z -^ —z) 
or by an analytic continuation r -^ t rLixi/a. This is related to the fact that PT can be viewed 
as a complex extension of the Lorentz transformations (which here induce translations in r) [18]. 
As a result fi{—^, —y, —z) can be related to fi{^,y,z) by an analytic continuation of the full 
time-dependent solution of the Klein-Gordon equation. 

Since the operators Oj and 6j have been introduced without mixing the original Minkowski 
space annihilation operators with creation operators, this means that the corresponding functions 
fi and Qi include only positive frequency components with respect to Minkowski time. We can 
therefore expand fi as follows, 

A similar expression is valid for gi. For a complex extension t ^ t + i^/a, the change of the 
exponential, factor is 

— j^(cUp sinh ar— Pa; cosh ar) —j^ cos i?(ti;p sinh ar—pi, cosh aT)g sin i?(ti;p cosh ar—p^; sinhar) OS^ 

where the last factor determines whether the integral (24) is convergent or divergent for large p. 
Since ujp > p, convergence implies that for positive ^ the Rindler time r should be analytically 
continued in the lower complex half plane, while for negative ^ it should be continued in the upper 
half plane. With this prescription for the analytic continuation of the solutions to the space-time 
inverted point we find 

fi{-^,~y,-z) = e'^fi{^,y,z) , ^>0 

gi{-^,-y,-z) = e~ gi{^,y,z) , ^>0 (26) 

which, together with (23), finally leads to the following relations between fi and gi in the same 
Rindler wedge 

f,{C,y,z) = e+'^ g:{^,y,z), ^>0 

f,{^,y,z) = e-'^ g*{^,y,z), ^<0 (27) 

13 



Thus, if we define transformed fields as 

M^,y,z) = smh{^)-^e+^ fi{^,y, z) - e-^ g*{^,y,z)] 

U^,y,z) = sinh(|^)-i[e+^^,(e,i/,z)-e-^ f*{^,y,z)] (28) 

which corresponds to a transformation of the form (19) with 

cosnYj = — = , sinnvj = = (29) 

v/2sinh(^) -"^ V2sinh(^) 

then the transformed field fi vanishes identically for ,^ < and (ji vanishes identically for .^ > 0. 
Thus, for this value for the transformation parameter Xi the field modes of the two sides of the 
horizon are completely decoupled. 

In terms of the new creation and annihilation operators Minkowski vacuum contains (particle) 
excitations, 

a]di) = sinh^Xi (bibl) 

M \ / M 

_f-iTT_ 

e a 



2sinh(^) 

= ^ (30) 

e a — 1 

The expression corresponds to a thermal Bose-Einstein distribution over the excited levels, with 
temperature given by 

ksTa = ^ (31) 

ZTT 

which is the Unruh temperature. 

PLANAR MOTION WITH ACCELERATION AND ROTATION 

We now consider motion along stationary worldlines where the acceleration is no longer lin- 
ear. In these cases the co-moving, Fermi-Walker transported frame will be rotating relative to an 
inertial rest frame. Thus, a; 7^ 0, and the general Hamiltonian is given by (2). We restrict, in this 
section, the motion to be planar, with the Hamiltonian given by 

Ho = H-aK^- CO J, (32) 
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It is convenient to simplify the Hamiltonian by making a boost in the y-direction in addition to a 
shift of origin in the x-direction. With (3 as the velocity parameter the transformation from the lab 
frame to the boosted coordinates is 

y' = liy - Pt) , X =x+ — ^ , z = z , t' = 7(t - fiy) (33) 

and the Hamiltonian expressed in terms of operators of the transformed frame is 



Ho = l 



uj{uj - aj3) , uj{a - uP) ^ , n \ t^ , n \ t 

-^ j^H' + -^ ':^Py, - a - pu) K^, - {u - pa) J, 



(34) 



a^ — ijj^ a^ — ijj^ 

with Pyi as the translation operator in the y'-direction. 

We note that when a > uj the velocity parameter can be chosen as /5 = uja so that the 
coefficients of Hq and J^ vanish. The Hamiltonian then simplifies to 



Ho = -Va^-uj^K^> + , ^ Py> , a>u (35) 

V a — oJ'^ 

If instead a < c<j it can be chosen as /? = a/u so that the coefficients of Kx' and Pyi vanish. The 
form of the Hamiltonian then is 

Ho= , "f - H' - V^J^^^ J,, , a>u (36) 

We shall discuss these two cases separately. For simplicity we suppress in this section the z- 
coordinate, since the motion is restricted to the (x, |/)-plane. 

Accelerated coordinates for planar trajectories with rotation 

The case a > uj 

The stationary curves generated by the time evolution operator (35) are described by the (tan- 
gent) vector field 

eV = Va^ - io^ {x'ef + t'e^') , . ^ eyf {2)1) 

V a — OJ'^ 

which is here expressed in terms of the coordinates of the boosted inertial frame. The expression 

shows that the trajectory projected on the (t', a;')-plane is the same as for hyperbolic motion, i.e., 

for linear motion with constant proper acceleration. In addition there is motion in the y' direction, 

and measured with the time coordinate r of the accelerated frame, this component of the motion 

corresponds to a drift with constant velocity. However, measured with the inertial time t' the 
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velocity in the y'-direction will slow down with increasing \t'\ due to time dilatation. This means 
that asymptotically (for t' -^ ±00) the motion will be dominated by the x'-component. 

It is interesting to note that there is no rotation involved in the motion as seen from the boosted 
inertial frame. The rotation of the curve, as measured in the local inertial rest frame, can be seen 
as due to composition of boosts in two different directions, in the x'-direction and the y'-direction, 
when transforming to the rest frame of the stationary curve. 

The decomposition of the motion in the x' and y' directions motivates the introduction of a new 
set of Rindler coordinates which are adjusted to the component with linear acceleration in the x' 
direction, 



t' = e' sinh Va^ - uj^r' , x' = ^' cosh Vc^^U^t' (38) 

In terms of these Rindler coordinates the vector field (37) takes the form 



u 



eV = Va2 - uj^Cr' Cy, (39) 

V a — tJ 

Since we now in reality are working with four different coordinate systems, we make the fol- 
lowing reminder: The original inertial frame with coordinates (t, x, y) coincides with the inertial 
rest frame of the accelerated world line at time t = 0. If we denote by (r, ^,77) the acceler- 
ated coordinates, we may therefore identify (^ with x and r] with y at t = r = 0. The boosted 
inertial frame, with coordinates (t',x',y') moves with constant velocity along the y-axis. This 
frame is useful since it decomposes the motion in two independent components in the x'- and y'- 
directions. Finally the Rindler coordinate system, with coordinates (r', ^', y') is the rest frame of 
the x-component of the motion. It is not identical to the accelerated frame of the stationary orbit, 
since it does not take into account the motion in the y-direction. We note that the z coordinate is 
common for all coordinate systems since all motion takes part in the x, y directions only. 

The reference orbit C is defined as the stationary curve where the coordinate time r coincides 
with the proper time, i.e., e^ ■ eV = — 1. From the expression (38), we find the Rindler coordinates 
of this orbit to be, when expressed with the proper time r as curve parameter 

t'{t) = T 

e'(r) 



a^ — cj2 

z{t) = (40) 
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FIG. 2: Event horizons and static limit in the accelerated frame. The stationary reference curve C corre- 
sponds to the origin O. The two directions in the plane correspond to the two space-like directions where ^ 
coincides with x of the fixed inertial frame and 77 coincides with y for t = 0. The distances to the horizon 
and to the static limit are determined by the two parameters a and u>. 

The ^' coordinate is constant, but there is a constant drift in the y' direction. 

The causal structure of space time as seen from the accelerated orbit is most easily discussed 
in the boosted inertial frame. Since the asymptotic behaviour of the stationary curve is dominated 
by the x-component of the motion, there are event horizons located in the same positions as for 
linear accelerated motion. There is a past horizon at x' = —ct', so that no light signal emitted from 
the accelerated orbit can reach points with x' < —ct', and there is a future horizon at x' = ct' so 
that no light signal emitted from a point x' < —ct' can reach the accelerated orbit. The location of 
these horizons in the rest frame of the accelerated orbit can be found by use of the identification 
of space coordinates of this frame with those of the (original) inertial frame at t = 0. The Lorentz 
transformation (33) gives the locations at 



V 



v^ 



a^ — uj^ 



LO 



(e + 



a^ — LJ^' 



(41) 



where "-I-" gives the past horizon and "-" gives the future horizon. Note that this expression is 
valid not only for r = 0, but for all r, since the situation in the accelerated frame is stationary. 
In the same way as for the horizon of a linearly accelerated orbit the horizons here correspond to 
singularities of the accelerated coordinate system, where the time coordinate is ill-defined. 

Since the accelerated frame is rotating, there exists a static limit in this coordinate system. This 
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is the limit for where physical objects can be stationary with respect to the coordinate system. 
Beyond the static limit the stationary curves become space-like rather than time-like. The location 
of the static limit can be found by considering the norm of the coordinate vector eV as a function 
of the coordinates, 

eV ■ e; = e;, ■ eV, + — ey> ■ ey> = {a^ - u'^) {x' - t' ) (42) 

O — UJ (X — U) 

The norm changes from negative to positive at the static limit. In order to find its location in terms 
of the coordinates of the accelerated frame, we again make use of the fact that the coordinates (,^, r]) 
coincide with (x, y) for t = (or equivalently for r = 0). By use of the Lorentz transformation 
(33) we find for t = (and with (x, y) replaced by (.^, i])), 

,2 -, , ,2 



{-'--') (^ + 7^^)'-^': 



UJ 



a^ — 00^' ■ a^ — cu^ 



(43) 



a^ — uj"^ 



The scalar product vanishes for 

^-^^) ' (e + ^^r - (a^ - uj'W = 1 (44) 

UJ J a'^ — uj^ 

This defines a hyperbola in the (^, r7)-plane, with the event horizons as asymptotes. Viewed from 

the stationary orbit C, which is given by (,^, i]) = (0, 0), the event horizons are located behind the 

static limit. 

We note that when cj -^ 0, where the case of the linear acceleration is recovered, both the event 
horizons tend to the same straight line .^ -^ —\/a and the static limit merges with the horizons. 

When the rotation instead increases and uj ^^ a, the distance to both horizons go to infinity and 
they therefore disappear from the (,^, r^) -plane. The static limit on the other hand stays at a finite 
distance and changes to a parabola. 



The case a < uj 

In this case the (accelerated) time translation operator is given by (36) and the corresponding 
vector field is 

Cr = et' + Vuj^ - a^ {x'eyi - y'e^i) (45) 

This describes circular motion, as can be seen explicitly by changing to cylindrical coordinates 

x' = r cos 6 y' = rsinO (46) 
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which gives 



^et' + Vc^2 _ a2 ^^ (47) 

At r = 0, the reference curve C is located at x' = — a/(a;^ — a^), corresponding to r = ajiyp' — a^) 
and 9 = n. Expressed as a function of the proper time coordinate r, the trajectory is 

t' 



^fZF^ 



uS^ — a^ 



^ = TT + Vtc;2 - a2 ^ (48) 

This space-time curve describes motion in a circle of radius r = aj{uj^ — a^) with angular velocity 
r2 = (cj^ — a^)/uj relative to the boosted inertial frame. 

In this case there clearly is no event horizon since the orbit is restricted to a bounded region of 
space, so that a signal from an event anywhere in space will be able to reach the space-time curve 
and any space-time point can be reached by a light signal from a point on the curve. However, also 
for circular motion there is a static limit defined by the accelerated coordinate system. The norm 
of the vector eV now is 



u^ 



up' — a^ 



r [uj 



{u^' - a') (49) 



hence, eV becomes spacelike for r > uj/(uj'^ — a^), which is the radius where the velocity of the 
rotating coordinate system exceeds the velocity of light. The location of this static limit in the 
accelerated coordinates can be found in the same way as before, that is by performing a boost to 
the inertial frame that coincides with the rotating frame at t = and by making the identification 
{x, y) -^ {^, rf) for t = 0. The location is determined by , 

^^^)^{i-^-S'+{-'--'W-^ (50) 

UJ J \ uj^ — a^ ) ^ ' 

which is the equation for an ellipse, with the major semiaxis in the ,^-direction and the minor 
semiaxis in the ry-direction. We can interpret this shape of the static limit, as a deformation of a 
circle of radius ujj^uP — a^) in the (x', t/')-plane. The deformation is due to the length contraction 
in the y' (or r7)-direction introduced by the transformation to the rest frame of the accelerated 
trajectory. 

From the above discussion it follows that there is a qualitative difference between the cases 
a > Lu and a < u. In the first case the (3-)space projection of the accelerated trajectory is 
unbounded in any inertial frame, and the asymptotic behavior implies that event horizons exist. In 
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FIG. 3: The static limit for different values of Loja as seen in the accelerated coordinate frame. There is a 
continuous change from cj < a to a; > a. From left to right the curves in the (^, ry)-plane correspond to 
u; = (straight line), lo = 0.3a (hyperbola), lo = a (parabola), lo = 1.2a and u; = 1.4a (both ellipses). The 
coordinates are measured in units of 1/a. 

the latter case, the motion is bounded and can be viewed as circular motion in a properly chosen 
inertial frame. No event horizons exist in this case. The limiting case a = uj can be reached from 
both sides. Viewed as a limiting case of circular motion it corresponds to the ultra-relativistic limit 
where the velocity of circulation tends to the velocity of light. 

One should note, however, that this qualitative difference has mainly to do with the asymptotic 
form of the space time curves as viewed from an inertial frame. For a finite time interval, or viewed 
in the co-moving frame, there is no singular behaviour at the point a = uj. This is demonstrated 
in Fig. 3 where the static limit as viewed in the accelerated coordinate system, is shown for several 
different values of ujja. The static limit changes continuously from a hyperbola (with the event 
horizons as asymptotes) for a > cu through a parabola for a = a; to an ellipse for a < uj. 

Vacuum states in the accelerated frame 



We first consider the case a > u with the Hamiltonian given by (35). We note that since K^' 
and Pyi commute, the eigenstates of the Hamiltonian Hq can also be chosen as eigenstates of the 
boost operator K^i and the translation operator Py/ . This means that the Hamiltonian can be diag- 
onalized in the same way as for linear acceleration. Thus, also for cj 7^ and a > cj there exists a 
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continuum of possible vacuum states that are connected by Bogoliubov transformations which mix 
creation and annihilation operators. We focus again on the particular transformation that separate 
the field modes on the two sides of the horizons. The field modes /j corresponding to negative 
eigenvalues of K^./ are the relevant ones for the reference curve C in the right Rindler wedge, since 
these are the ones that have positive norm on that wedge. We denote these eigenvalues by —1], 

with r^ > 0. 

The field modes fi can be identified with the corresponding modes previously discussed, except 
that they are now functions of the new Rindler coordinates (r', ^', y', z). The explicit form is 



Vsinh(.n) ,^^/^;.3z:^,,^,(fc^„,+fc^,) e' > 0, fi > 

iK^kMr ,^,y ,z) = <( (51) 

0, ^' < 0, fi > 

where the index i here is specified as the set of eigenvalues fi, kyi and k^ of the operators K^', Py' 
and Pz, and the parameter S is 

S = ^kl + kl + m? (52) 

with m as the mass of the Klein-Gordon particles. The function KiQ^, which is a solution of the 
Klein-Gordon equation in Rindler coordinates (14), is a modified Bessel function (a MacDonald 
function of imaginary order) [21]. 

Even if the wave functions are the same as for linear acceleration one should note an important 
difference. For linear acceleration the restriction of the wave functions to the accessible side of 
the event horizon will at the same time be a restriction of the energies to positive values. Here this 
restriction means that fi > for the relevant eigenvalue of the boost operator. However, this eigen- 
value is no longer proportional to the energy eigenvalue, since the energy also gets contribution 
from Py/. The eigenvalues of Hq are 



uo 



Va^ - cj2 n + h-, (53) 



For sufficiently large negative kyi the last term will dominate the first term and give a negative 
energy eigenvalue. 

It is of interest to note that these negative energy solutions will essentially be located between 
the event horizon and the static limit. To see this we first note that the static limit of the accelerated 
coordinate system, as well as the horizons and the reference curve C have fixed ^' coordinates, even 
if the Rindler coordinate system does not define a rest frame for the accelerated observer. Thus 
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static limit observer 




FIG. 4: Stationary solution of the Klein-Gordon equation in the Rindler coordinates. The figure shows a 
solution with energy e = for the Hamiltonian of the accelerated coordinate system. For all negative values 
e < the solutions have only an exponential tail on the "physical" side of the static limit. 

both horizons have Rindler coordinate ^ho = 0, the static limit is located at ^si = cu/(a^ — cj^) and 
the accelerated observer is located at ,^' = a/{a'^—co'^). We next note that the energy eigensolutions 
(51) have an oscillatory behaviour for small ^' but are exponentially damped for large ^'. As shown 
by the Klein Gordon equation the transition point between the two types of behaviour is .^^^ = Vl/E. 
For negative energy states we have ^2 < \kyi |c<j/(a^ — cu"^), as follows from (53), which implies the 
inequality 



^ho < Str < Ssi 



(54) 



Thus, the negative energy solutions are are mainly located inside the static limit, but this is not 
fully so due to the exponential tail of the wave functions, as illustrated in Fig.4. The penetration 
of the negative energy states into the physical region of the accelerated frame is important for 
excitations of an accelerated detector. The modes can contribute to the excitations since negative 
energy quanta can be emitted into the modes by the detector. 

To summarize, for accelerated orbits which involve rotation in addition to acceleration, event 
horizons exist as long as a > to. In the same way as discussed for linear acceleration the field 
modes can be defined so that they are restricted to one side of the horizons. This will involve 
a Bogoliubov transformation of the Minkowski space creation and annihilation operators. The 
transformed vacuum state is then the FuUing-Rindler vacuum associated with uniform acceleration 
of the x' component of the space time trajectory. However, the Fulling vacuum is not a true 
vacuum state since there now are negative energy states present in the right Rindler wedge. Thus, 
the negative energy states are no longer restricted to the space-time region behind the horizons, 
as it is for linear acceleration. On the other hand these states are mainly located behind the static 
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limit, but this region is not causally disconnected from the reference curve C. The presence of 
negative energy states implies that the Hamiltonian does not have a well defined ground state even 
after separating the modes behind the horizons from those in front of the horizons. 

Even if the Fulling vacuum is no longer a true vacuum it is convenient to refer to this state and 
the corresponding excitations in the description of the (generalized) Unruh effect, since the modes 
that are causally disconnected are explicitly removed from the description. As already discussed 
there are now two sources for excitation of an accelerated detector. The detector can be excited 
by absorbing positive energy excitations (which are present when the Minkowski vacuum state is 
expressed in terms of Rindler space excitations) and it can be excited by emitting negative energy 
excitations. This situation is quite analogous to the situation of a stationary detector close to the 
static limit of a rotating black hole. In that case the latter process, emission of negative energy 
excitations has a classical analogy in the Penrose ejfect [22], where a physical system can gain 
energy by placing an object into one of the negative energy orbits between the static limit and the 
horizon. 

We now turn to the case uj > a, which we will discuss more briefly. The Hamiltonian of 
the accelerated frame gets the simple form (36), which is composed by the Minkowski space 
Hamiltonian H and the rotation generator J^. Since these two operators commute, due to rota- 
tional invariance, the eigenstates of the accelerated Hamiltonian Hq are the same as those of the 
Minkowski space Hamiltonian, when these are expressed as angular momentum states. The energy 
eigenvalues have the form 

(jj I 

E - Vcj2 - a2 m^ (55) 



where E is the eigenvalue of H and m^ the eigenvalue of Jz- 

In this case there are negative energy solutions when m^ is sufficiently large compared to E. 
This means that Minkowski space is no longer the ground state of the Hamiltonian and there is 
no other true vacuum state. For a < uj there is no event horizon, as we have already discussed, 
but there is a static limit, and again one can show that the negative energy solutions have an os- 
cillatory behaviour outside the static limit, but are exponentially damped inside. Related to the 
disappearance of the event horizons there is a lack of symmetry between positive and negative 
eigenvalues in the spectrum of Hq (55). Thus, there is no longer a freedom of mixing creation 
and annihilation operators when the Hamiltonian is diagonalized. In this sense we are stuck with 
the standard creation and annihilation operators. This means that Minkowski space contains no 
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excitations (relative to these operators) and the excitation of a detector that is accelerated in a cir- 
cular orbit is therefore (as described in the accelerated frame) only due to the emission of negative 
energy quanta. 

We will however again stress that the qualitatively different descriptions of the cases a > lu 
and a < u is, due to the difference of asymptotic behaviour of the accelerated orbits. In reality 
the excitation (and de-excitation) of an accelerated detector reaches equilibrium in a finite time 
determined by a and cu, and the asymptotic form of the curves is therefore less important. This 
means that the excitation spectrum changes continuously when cu is changed through the value 
LU = a, and we will show this explicitly in the next section. 

PARTICLE DETECTORS AND THERMODYNAMICS 

For linear acceleration the Minkowski vacuum state has the form of a thermally excited state of 
temperature T^ = a/{2nkB), when the state is expressed in terms of the Fulling field quanta. This 
representation of the Minkowski vacuum, as a hot state, has relevance also for (planar) accelerated 
motion with rotation, when a > cu and therefore event horizons exist. 

To examine the interpretation of the Minkowski vacuum in the accelerated frame when cu =^ 
0, we return to the Bogoliubov transformation (17) that relates the Minkowski and Fulling field 
quanta. The corresponding transformation between the vacuum states is 

— V tanh Yi a b — V ln(cosh £i ) 

\0j^) =ICe ^ " \0f) , /C = e ^ (56) 

where /C is a normalization factor and |0m) is the Minkowski vacuum state. \0f) is the Fulling 
vacuum state, which is the state annihilated by the operators a^ of the right Rindler wedge as well 
as the operators hi of the left Rindler wedge. The corresponding field modes we again label by the 
index i. With the parameter Xi specified by (29) the Minkowski vacuum state can be written as 

|0m) = ICe "t " |o^) 

= ^HYl ^- ^""''''" °1"'^1"' io^) 

I ni=0 

oo 

where rii is the occupation number of the i'th mode, either in the right Rindler wedge, denoted by 
R, or in the left Rindler wedge, denoted by L. This expression for |0a^) is valid for linear as well 
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as for non-linear acceleration (u ^ 0), since it is expressed in terms of the eigenvalues —Vli of the 
boost operator rather than the energy of the field modes. The sum is only over the positive values 
of r2j. 

When the Minkowski vacuum state is expressed only in terms of the field modes of the right 
Rindler wedge, which are the relevant ones for a detector following the reference orbit C, it takes 
the form of a mixed state rather than a pure state. In the expression above this follows from 
the form of |0m) as an entangled state between the subsystems associated with the left and right 
Rindler wedges. The corresponding reduced density operator, where the states of the left Rindler 
wedge are traced out, has the form 

PR = Ttl^IOm) (OmI 

oo 

= n E (1 - e-2-^Oe-'^''^"^ |n. r) {n, n\ (58) 

i ni=0 

For linear acceleration, with fij = Cj/a, where Cj is the energy of the i'th mode, the density 
operator has the form of a thermal distribution over energy eigenstates and is consistent with the 
Bose-Einstein distribution discussed earlier in the paper. 

Our main object is now to discuss how this thermodynamic interpretation is changed when 
uj ^ and therefore the relation between the boost eigenvalues and the energy eigenvalues is 
changed. There are two different points of view we may take. 

The first point of view is to describe the excitation probabilities for an accelerated detector, in 
this case too, as seen in the Rindler coordinate frame and not in the rest frame of the detector. 
Compared with linear acceleration the relation between Vli and the energies of the field quanta 
then is changed only by the substitution 

a-^^^^^^ (59) 

a a 

where the last expression is the proper acceleration of the projected orbit, which is restricted to 

the (x', t') -plane. Thus, in this picture the Minkowski vacuum state is a thermal state, in the same 

way as for linear acceleration, and all field excitations restricted to the right Rindler wedge have 

positive energy. A detector accelerated along the orbit C will be excited by the field quanta which 

are present in this state, but the excitation will not be thermal since the detector moves through the 

"gas" of excitations. This motion is a constant drift in the y'-direction. This description fits the 

point of view of Letaw and Pfautsch who refer to the vacuum state of all planar orbits with a> uj 

as being identical to the Fulling vacuum [7]. 

25 



The second point of view is to describe the Minkowski vacuum state in the accelerated frame, 

which at all times is the rest frame of the stationary orbit C. When restricted to the space-time 

region outside the horizon, this state is also now described by the reduced density matrix (58), but 

the relation between the boost eigenvalues Vti and the energies Cj of the Hamiltonian Hq is 

1 uo 

Vli = -ti -ky,, (60) 

p p^ "■ 

where ky^^ is the eigenvalue of the translation operator Pyi in the the mode i. Expressed in terms 

of the variables of the accelerated frame the density operator of the Minkowski vacuum state is 

oo 
i ni=0 

= l^pe'f (^«-^^^') (61) 

where the operators Hq and Pyi are restricted to the space of states defined outside the horizons 
(on the right Rindler wedge). 

The reduced density operator may be interpreted as the partition function for a statistical en- 
semble, where the exponent of the expression (61) specify the thermodynamic potential. One 
notes that the potential gets contribution not only from the energy but also from the conserved mo- 
mentum in the ^/'-direction. However, Pyt is not the momentum operator in an instantaneous rest 
frame of the accelerated orbit. Therefore it introduces translations not only in the space direction 
of the accelerated frame, but also in the time direction. For this reason it may be natural to replace 
it by another symmetry operator V of the accelerated frame, defined by 

Py' = -{r--Ho) (62) 

p a 

This is a transformed symmetry operator related to the momentum operator in the inertial rest 

frame (at t = r = 0). Note however that the transformation (62) is not identical to a Lorentz 

transformation to the rest frame, since the accelerated Hamiltonian Hq rather than the Hamiltonian 

H of the inertial rest frame enters in the expression. At the position of the accelerated observer V 

coincides with the translation operator Py of the rest frame, but Py is not a symmetry operator, and 

the full expression involves also generators for rotations and boosts, 

V = Py-ujK^-—J, (63) 

a 

Expressed in terms of the symmetry operator V the density operator has the form 

PR = l/Cpe-'^^^--^^) (64) 
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This we may read as defining a thermodynamic state of a "gas" with a non-vanishing tempera- 
ture and drift velocity. The coefficient of the thermodynamic potential determines the (vacuum) 
temperature T^^^ as, 

This temperature is not identical to the temperature p^ /2iia of the (vacuum) gas as measured 
in the Rindler coordinate system {i.e., on the projected, linearly accelerated orbit). There is a 
factor -, which we interpret as a time dilatation factor. This factor is introduced by the Lorentz 
transformation between the rest frame of the gas and the rest frame of the accelerated orbit. 

The coefficient of the conserved momentum V represents the velocity of the vacuum state 
relative to the detector (in Ref.[23] referred to as a "chemical potential"), 

Vaw = - (66) 

a 

One should however note that the physical interpretation of this term is somewhat ambiguous, 
since V is not a pure translation operator, but involves also rotation and boost. Thus, in the rest 
frame the motion of the "hot vacuum gas" is not simply a linear drift [24]. 

It is of interest to note that even if the two operators Hp and V have spectra that are unbounded 
from below, the specific combination that appears in the density operator has a spectrum that is 
bounded from below. Thus, the coefficient of V is not a parameter that can be changed arbitrar- 
ily, since only for the value given in (66) will the density operator be normalizable and therefore 
give a well-defined thermodynamic state. One way to view this is that when the a drift velocity 
is introduced for the thermal "vacuum gas" , in terms of a non-vanishing value of cu, this will 
change the thermodynamical potential not only explicitly through a change in the coefficient of V, 
but also indirectly through the change in the Hamiltonian Hq [25]. The prefactor that determines 
the temperature, on the other hand, can be changed without a similar consistency problem. In 
particular, if T^^ -^ without changing the operator Hq — VaJP {i.e., neglecting the true cou- 
pling between these variables), the thermodynamic state (64) will continuously change from the 
Minkowski vacuum state to the Fulling vacuum state restricted to the right Rindler wedge. 

We will now relate the discussion of the vacuum state to the response of an accelerated detec- 
tor. To this end, we use a simple de Witt-type detector (see e.g. [26]), which has the following 
transition rate from an energy level Sm to another energy level Sn- 



27 



r™„ = r„„ / dr e-''-^ (OmI 0(a;(O))0(a:(r)) |0m) (67) 

where 7^„ is the squared matrix element for the transition between the two levels, Snm = £-n — £m 
is the energy difference between the final and initial state and x(r) is the space-time position of the 
detector at proper time r. In the above expression we have used time translation invariance of the 
Green's function, 6-+ (T,T+r) = (Om| 0(a;(T))0(a;(T+r)) |0m) = (Om| 0(a;(O))0(a;(r)) |0m) = 
G^{t), due to the stationarity of the trajectory. 

Since the region behind the horizons (in the left Rindler wedge) is causally disconnected, only 
the component of the field operator restricted to the right Rindler wedge will contribute. This 
component has the form 



^r[X[T 



)) = E 



;^t 






•p- 



(68) 



In this expression Cj is the field energy as measured in the rest frame of the detector and the function 
fi{C) is the .^'-dependent part of the stationary field solution, given by the modified Bessel function 
in Eq.(51). (The detector is located at position ^' = a/ p^.) For the correlation function of the field 
along the accelerated trajectory this gives 



(OM|0(a:(O))0(a;(r))|OM) 



i ' 


k"" ("■"•)« +^"'' ("•"•*)„] 


>:i/.(;^)'^ 





(69) 



where in the last line we have made use of the expression (30) for the expectation value of the 
product of an annihilation and a creation operator (with e^/a replaced by Vli). The corresponding 
expression for the transition rate is 



^'^■^mn / J \]i 



1 



-27rn,\-l 



p- 



b{En 



ti)e 



-2-K^i 



0\C-fim ~T Cj 



(70) 



The term proportional to 5 {Snm — £«) corresponds to absorption of a field quantum of energy e^ 
while the term proportional to 5{£nm + ^i) is an emission term. For linear acceleration, with 
ej = aVli > 0, transition up in energy only gets a contribution from the absorption term and 
transition down in energy only gets a contribution from the emission term. The ratio between 
these two rates then is simply given by the factor cxp(— 27rr2j) = exp(— 27r£^„m/a), and for an 
equilibrium situation this gives the ratio between the probabilities of occupation of the two levels. 
This ratio has the form of a Boltzmann factor corresponding to the Unruh temperature (31). 
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FIG. 5: The energy dependent effective temperatures. The temperature is plotted as a function of detector 
energy for several values of uj/a. It is measured relative to the Unruh temperature a/27r defined by the 
proper acceleration of the accelerated detector. 

When cj 7^ there are two changes. Since Vti = ei/ p — ujkyi j (? is no longer fixed by the 
energy difference between the two levels, the term exp(— 27rr2j) cannot be factorized out in the 
ratio between transitions up and down. This effect is due to the drift of the gas of field excitations, 
which means that the probability distribution over excited states is no longer determined only 
by the energy. The second effect is due to the fact that ej can take negative as well as positive 
values. Thus, transition up in energy gets a contribution from the emission term as well as the 
absorption term, and this is the case also for transition down in energy. Both these effects tend to 
make the ratio between transitions up and down more complicated. It cannot simply be written 
as a Boltzmann factor. Thus, the simple thermal probability distribution over energy levels of the 
detector that is found for linear acceleration is no longer there for the more general stationary 
curves. 

Even if a simple Boltzmann factor cannot be extracted in the general case, an effective temper- 
ature can be defined by the ratio between the rates for transitions up and down (in energy) between 
a pair of energy levels [8] , [10]. This will be an energy dependent temperature, /. e. , it will not only 
depend on the parameters a and uj of the accelerated trajectory, but also the energy difference l\E 
between the two levels of the detector. With r+ as the rate for transitions up and r_ the rate for 
transitions down, the effective temperature is given by 



A;5Te//(A^) = A^ln(^^ 



(71) 



In Fig. 5 we have plotted this function, relative to the Unruh temperature a/27r, for some values 
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of ujja both with uj < a and uj > a. For moderate values of ujja one notes that the energy 
dependence is not very strong, and this gives support to the idea that the definition of an effective 
temperature is physically meaningful. Even when ujja is larger and increases beyond the value 1 
where the event horizon of the accelerated orbit disappears, there is no dramatic change. Thus, 
even if in the general case a precise temperature cannot be given, a qualitative description of 
the effect as heating of the accelerated detector by the vacuum fluctuations seems reasonable, 
with an effective temperature not very different from the Unruh temperature a/27r defined by the 
acceleration parameter of the orbit. 

NON-PLANAR MOTION 

We now turn to the general case where the motion is no longer planar and the general form 
of the Hamiltonian is given by (1) or (2), with a ■ uj ^ 0. Since this case is qualitatively not 
so different from the case of planar motion, we will discuss it more briefly. In this case as well, 
we can simplify the form of the Hamiltonian by a Lorentz transformation. It is now done by 
transforming the coefficients of the boost operator and the angular momentum to co-linear form. 
The transformation is, as for planar motion, a boost in the direction orthogonal to both a and u; 
(the y-direction). 

The transformation of the boost operator and the angular momentum under a Lorentz transfor- 
mation is 

K = 7(K' -f3xj' —f3 (3 ■ K') 

7 + 1 

J = j^j' + f3xK'-^f3f3-J') (72) 

7 + 1 

which gives the following expression for the Hamiltonian in terms of operators of the transformed 
inertial frame. 

Ho = i[H' + /3 ■ P' - (a - /3 X a;) ■ K' - (a; + /3 X a) ■ J'] (73) 

for (3 orthogonal to a and uj. The coefficients of the two operators become co-linear if 

(^= J"" "^2 K + ^^ - V(a^ - ^^f + 4(a; ■ af] (74) 

We note that by a further transformation in the form of a shift in the location of the spatial origin, 
the operator H' can be absorbed in K' and P' can be absorbed in J'. 
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We specify the choice of axes for the original frame in the same way as given by (2), with a 
directed (with value a) in the x-direction and with cj as a vector with components cux and lu^ in 
the X, 2; -plane. For the transformed frame we choose the ^'-coordinate to be in the direction of the 
co-linear boost and axis of rotation, as specified by (73) and (74). This direction is rotated relative 
to the X-axis in the x, 2;-plane. With these choices the Hamiltonian of the accelerated frame gets 
the form 

Ho = ^[-^/{a-(3uo-:)^ + (3^ujlK^, ± ^{(3a- uo^f + uol J^,] (75) 

where (3 is the component of (3 in the direction of u; x a as given by (74), 7 = (1 — /3^)~^/^ and 
the relative signs of the two terms is determined by the sign of a; ■ a. 

This form of the accelerated Hamiltonian is not very different from the one given by (35) 
for planar acceleration with a > uj. The main difference is that the translation operator Pyi is 
replaced by the angular momentum operator J^./. This implies that the accelerated trajectory (of 
the reference curve C), as seen in the transformed frame, now is a superposition of a rotation about 
the x'-axis and uniform acceleration in the x'-direction. It is an accelerated screw-like motion. 

In the same way as for planar acceleration, the asymptotic form of the trajectory is dominated 
by the x'-component of the motion, and the location of the event horizons is determined by the 
uniform acceleration of the x' -projection of the reference curve. The location of the event horizons 
and static limit in the accelerated frame can be found in the same way as for planar motion, by 
transformation to the inertial rest frame at time r = 0. The main difference between the two 
cases is that there is no longer translational invariance in the ^-direction, so that the corresponding 
surfaces are curved also in this direction. We do not give explicit expressions for these surfaces, 
but note that the qualitative picture is the same as before. Between the accelerated observer on 
the trajectory C and the event horizons there is a static limit, where the stationary curves of the 
accelerated frame change from being time-like to being space-like. Note that in the present case 
there is always an event horizon, without any restriction on the values of a and uj. 

Since J^' commutes with K^' the eigenstates of the accelerated Hamiltonian can be chosen as 
eigenstates of the boost operator, in the same way as for planar motion. The difference is that the 
x', z'-dependent factor of these states should be angular momentum states and not plane waves. 
Thus, by a Bogoliubov transformation the field modes that are located behind the horizons, as 
viewed from the accelerated observer, can be separated out and energy eigenstates restricted to the 
right Rindler wedge of the boost operator K^' can be defined. Also now there will be negative 
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energy states, and these are up to exponentially decaying tails located between the horizon and the 
static limit. The Minkowski vacuum state, when restricted to the right Rindler wedge, is described 
by a density matrix which is of the form 



Pm 



^^-i(Ho+n'.j') (76) 



with A/" as a normalization factor, 9 and ft' given by 



7 



9 = J-^(a-Pcu,y + P^col 
n' = 7(cj + /3 X a) (77) 

When we again interpret the exponent as a thermodynamic potential, the form suggests that in 
the accelerated frame the Minkowski vacuum state can now be viewed as a rotating, hot "vacuum 
gas". However, the operator J' is a rotation operator in the Rindler coordinate frame and not in 
the rest frame. If we change to operators of the inertial rest frame and parametrize the density 
operator pM of the Minkowski vacuum state in the same way as we did for planar motion, it gets 
the form 



-^^ -{Ho-m 



Pm 



;^|2g ^/(a-t3u.^)2+|32u,2 .yg. 



where the symmetry operator V now is given by 

V = ^{f3-P-{f3xuj)-K-[{l + p^)uj + ^xa]-J) (79) 

We note that the expression for the symmetry operator in the planar case is recovered in the limit 
a ■ a; ^ (when a > uj). 

CONCLUDING REMARKS 

We have in this paper examined the "generalized Unruh effect", which refers to observable 
vacuum effects in general stationary coordinate frames. Such a stationary frame will be charac- 
terized both by acceleration and rotation with respect to an inertial rest frame. In the main part of 
the paper we have focused on planar motion. For accelerated orbits, event horizons will then exist 
provided the proper acceleration a dominates the angular velocity u as measured in an inertial rest 
frame. 
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When event horizons exist, the situation is similar to that of uniform linear acceleration. By 
mixing in a certain way (Minkowski) creation and annihilation operators in the form of a Bogoli- 
ubov transformation, excitations associated with the two sides of the horizons decouple, and a field 
theory restricted to the "physical" side of the horizons may be defined. Relative to these excita- 
tions Minkowski vacuum will contain excitations and can be characterized by a thermodynamical 
potential which depends on a vacuum temperature as well as a drift velocity of the vacuum. 

Although Minkowski vacuum can be interpreted as a thermodynamic state, when viewed in 
the accelerated frame, a stationary detector will not show an excitation spectrum which can be 
expressed simply in terms of a Boltzmann factor. There are two reasons for this. The first one is 
due to the drift (and rotation) of the (thermodynamic) vacuum state. This will give rise to non- 
universal thermal effects like the ones seen by a detector moving with large speed through a hot 
gas. The other effect is due to the presence of negative energy quanta which are associated with 
the region behind the static limit in the accelerated frame. Thus, the detector may be excited either 
due to emission of negative energy quanta or by absorption of positive energy quanta. 

For accelerations with a < cu, the event horizons disappear and the motion can be viewed as 
uniform circular motion. Although these cases seem qualitatively different from the ones char- 
acterized hy a > cu, and although Minkowski space no longer can be viewed as a (non-trivial) 
thermodynamic state, we have demonstrated the smooth transition of the effective (energy depen- 
dent) temperature as measured by an accelerated detector, when the parameters are continuously 
changed from one type of motion to the other. 

In the case of stationary, non-planar orbits, which can be viewed as circular motion imposed on 
uniform linear acceleration, event horizons will always exist, and qualitatively the description of 
the (generalized) Unruh effect for this type of motion will be similar to that of planar motion with 
a > u. 

Finally we have pointed to the close relation between the vacuum effects for detectors follow- 
ing general stationary curves in Minkowski space and for stationary detectors close to the event 
horizons of massive rotating black holes. For planar motion we in the appendix explicitly show 
how the metric of the accelerated frame is identical to the limiting form of the Kerr metric for 
points close to the equator of the rotating black hole when the mass of the hole tends to infinity. 
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APPENDIX. CONNECTION BETWEEN KERR SPACETIME AND TRAJECTORIES WITH 

In this appendix we compare the sitation of a stationary observer close to the static limit of 
a rotating (Kerr) black hole with that of an accelerated observer in Minkowski space. We show 
that in the limit where the mass M of the black hole tends to infinity, space-time near the observer 
becomes flat, and the space-time trajectory becomes identical to a stationary curve in Minkowski 
space. We restrict the discussion to the case where the observer is located close to the equator of 
the black hole. In this case the space time curve is a planar stationary curve characterized by a 
constant proper acceleration a and angular velocity cu, where a ± uj and a; 7^ and a > lu. As 
we shall show, the two parameters a and cu can be related to the parameters of the black hole and 
the position of the observer. (In the appendix we use G = 1 for the gravitationol constant (rather 
than h= 1) and still use c = 1 for the speed of light.) 

At the equator of a rotating black hole (9 = n/2), the Kerr metric expressed in Boyer-Lindquist 
coordinates gets the following form: 



ds2 = f 1 - '^] dt' - ^ dr' - r^d' 

^2 _^ j2 _ 2Mr 



,^+,^ + ?^V^^ + l^dM^ (80) 



where M is the mass of the hole and j is the angular momentum per unit mass of the black 
hole, usually called a in the literature, but renamed here to avoid confusion with the acceleration 
parameter. In these coordinates the event horizon is located at r/j = M — \/M'^ — p and the static 
limit at r^ = 2M. 

We now want to show that for a space-time region centered around a static trajectory with fixed 
coordinates r > 2M, 6 = 7r/2, = (arbitrarily chosen), there exists a mapping between the 
Boyer-Lindquist coordinates of the black hole and a coordinate system of an accelerated observer 
in Minkowski space. This mapping becomes an isometry (i.e. it maps the Kerr metric into the 
metric of the observer following the stationary trajectory) in the limit M ^ 00. 

Since we focus on space-time points close to the static limit we write the radial coordinate as 

r = 2M + q (81) 
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with g as a new coordinate to replace r. The M ^ oo limit we assume to be taken in such a way 
that q/M -^ and j^ jM — » 0. The last condition is imposed in order for the distance between the 
static limit and the event horizon to stay finite when M tends to infinity. With these approximations 
the metric outside the static limit is 



ds' = ^dr -dq' - AM'de' - AM^dcj)' + 2jdtd(t) (82) 

2M 



2M + ^ 



and with a rescaling of the coordinates, 



i=^, q = 2Mq, z = 2Me, y = 2M(j) (83) 

it further gets the M independent form 

ds^ = qdf - -df - dz^ - df + 2jdtdy (84) 

q + j 

To compare this expression with the Minkowski space metric, as it appears in an accelerated 
frame with co ^ 0, we make use of the (accelerated) coordinates (40). In these coordinates the 
accelerated observer is not stationary, but has a constant drift velocity in the y-direction determined 
by the ratio u/a. To compensate for the drift we redefine the y-coordinate 

y = l/' + ^=^r' (85) 

so that the accelerated observer is stationary in the coordinate system (r'; ^', y, z). As previously 
discussed, the values of the proper acceleration a and the angular velocity uj fix the ^' coordinate to 
be ^' = ajic? — c<j2), while the other space coordinates may be chosen as y = 2; = 0. We note that 
the spatial hyperplane defined by these coordinates is not the observer's plane of simultaneity (as it 
is for the accelerated coordinates (r; ,^, ?], z) previously used), since the coordinates are not static. 
However, this is not a problem, since the same thing is true of the Boyer-Lindquist coordinates. 
In the coordinates (r'; ^ , y, z), the Minkowski space metric takes the form 
ds2 = (a^ - uj^) f^'2 ^::L^^ ^^/2 _ ,2 _ 2 _ ^^2 _ 2^ ^y d^' (86) 

This can be recast in a form similar to (84) by redefining the coordinates. Thus, if we make the 
following identifications between coordinates 



.^^r- 


Ijj- 


(a2- 


t = 2Va^ - 


-cuV 


y = y 




z = z 





CU2)'' 



(87) 
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and if we identify 2j with the following function of a and u. 



2j = -r^ (88) 



a^ — uj'^ 



then (86) reproduces exactly the metric (84) derived from the black hole metric. 

We note that the angular momentum parameter of the black hole, 2j = uj/(a^ — cu'^) = dhs, 
can also be interpreted as the distance between the event horizon and the static limit, as measured 
in the instantaneous rest frame of the stationary observer. This follows from the expressions (41) 
and (44) for the location of the horizon and static limit in the accelerated frame. In the same 
way a/{a^ — u'^) = d^o measures the distance from the observer to the event horizon. Thus the 
dimensionless ratio cu/a corresponds to the ratio between these two distances, and the limiting 
value u/a -^ 1 can be obtained by making j large compared to the distance between the static 
observer and the static limit. 

In conclusion, we have shown how to map the coordinate system near a stationary observer, 
located outside the static limit of a rotating black hole, to a Minkowski space coordinate system 
where an accelerated observer is at rest, and to show that in the limit M ^ oo the mapping is 
an isometry. The two parameters a and u of the accelerated orbit we have related to the angular 
momentum j of the black hole and the distance from the static observer to the event horizon. 

The mapping between these two seemingly different situations indicates that the (generalized) 
Unruh effect associated with motion along stationary space-time curves in Minkowski space is 
of similar form as the effect measured by a stationary detector outside the stationary limit of a 
massive rotating black hole. However, a more detailed discussion of this point depends on showing 
in what sense the Minkowski vacuum state is the natural vacuum state of the black hole in the limit 
M ^ oo. 
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